Actuator line aerodynamics (AL) model is becoming increasingly popular for characterization of the flow field and the turbulent wake created by the rotating turbines. AL model does not require boundary layer resolution of the flow around turbine blades and is thus significantly more efficient than the fully-resolved computations. The current paper aims at performing spectral element simulations of AL model wind turbine response to a realistic neutral atmospheric boundary layer (ABL) flow field. In the present paper, we incorporate the benchmark results of neutral ABL simulations using a rough wall LES model at very high Reynolds number and results of wind turbine response to ABL flows using AL model.
I. Introduction
Interception of incoming flow field by the rotating turbine creates counter-rotating wakes behind the turbine. These wakes are extremely important as their characteristics affect turbines in the second row and beyond. Hence the study of these wakes are essential in order to predict and optimize the performance of wind turbines arranged in a larger wind farm. Moreover, turbulence in the flow field has a strong impact on the wake structure and the effect is generally different depending on whether the turbulent motions are buoyancy-driven or shear-driven. The atmospheric boundary layer (ABL) flows approaching and surrounding the wind turbine are of extremely high Reynolds number (Re ∼ 10 8 − 10 12 ). Consequently the stringent mesh requirements of direct numerical simulation (DNS) (N x × N y × N z ∼ Re 9/4 ) has rendered the method computationally infeasible for ABL flows. [1] [2] [3] Large eddy simulation (LES) of wind turbine arrays is a promising technique with the potential of yielding a reliable data concerning the flow patterns as well as the energy output of turbines in a wind plant. Additionally an LES is justified for such calculations since the LES resolves the spatio-temporal evolution of large scale flow structures faithfully, which are the dominant contributors to the energy generated by wind turbine. Several attempts at characterizing the performance of wind turbine arrays with LES have been undertaken. [4] [5] [6] [7] [8] Reduced-order aerodynamic models representing the effect of the rotating blades on the flow emerged and later evolved due to the computational bottleneck of fully-resolved calculations. The early theories describing the behavior of propellers are known as momentum theory and go back to late 19th century with the works of Rankine, 9 Froude, Drzewiecki and others. It was later extended by Glauert 10 into a bladeelement momentum theory (BEM) to account for non-uniformities along the blade, such as shape, chord, twist etc. BEM method was adopted to use with wind turbine simulations as an actuator disk method, 11 and further extended to a generalized actuator disk method. 12, 13 Generalized actuator disk method was used in some of the earlier-cited LES studies of wind turbine arrays. 4, 5 Further improvement to a generalized actuator disk method was introduced by Sørensen & Shen 14 and developed by Troldborg 15 in the form of an actuator line aerodynamics (AL) method. The major change with respect to an actuator disk model is abandoning the circumferential symmetry of the induced force field and arriving at a fully three-dimensional model which accounts for the rotating blades as separate rotating lines to correctly predict the rotating wake structure. AL method is currently one of the most advanced model for the rotating blade aerodynamics, as an optimised alternative to computationally intensive fully resolved calculations and has been used in the recent large eddy simulations of Lillgrund wind plant containing 48 turbines by Churchfield et al. 7, 8 Since the current calculation involves extremely high Reynolds number, a decoupled simulation of atmospheric boundary layer has been performed that should be incorporated into the actuator line model. In the present simulations, the atmospheric boundary layer data has been essentially used as an initial condition with periodic streamwise boundary conditions for AL model using standard Smagorinsky eddy viscosity closure in LES with near wall modeling 20-23 modified for rough wall. The use of a periodic streamwise boundary conditions is justified because we are conducting a straightforward study to understand the effect of counter-rotating wake generation subjected to neutral atmospheric turbulent boundary layer. However for a more realistic numerical simulations of AL model turbine response, turbulent inflow boundary conditions should be used from the ABL data. Various advanced inflow-generation techniques in turbulent boundary layer have been discussed in the literature in the past decade, by Spalart, 16 Lund et al. 17 and Ferrante and Elghobashi. 18 These methods were mostly used and validated for smooth wall turbulence with growing boundary layer. For rough wall turbulence, decoupled ABL simulations have also been implemented with periodic streamwise boundary conditions with a buffer zone for stabilizing inflow in actuator line model. 6, 19, 20 We plan to implement the turbulent inflow boundary condition for our AL model in near future. In our simulations, we use spectral element code Nek5000 24 featuring superior computational efficiency and parallel performance.
II. Numerical Method
Spectral element code Nek5000 24 is used to solve the 3D Navier-Stokes (NS) equation for both the actuator line model turbine response and atmospheric boundary layer simulation. Spectral element method (SEM) is a high-order weighted residual technique that combines the geometric flexibility of finite elements with the rapid convergence and tensor-product efficiencies of global spectral methods. In the spectral element formulation the computational domain
where the reference subdomainΩ = [−1, 1] d with d being the dimension of the problem. Scalar functions with each element Ω k are represented as N th order tensor product polynomials on a reference subdomain Ω. In 3D, any function in the spectral element method in the local element can be expressed as follows
where, h i (r) is the Lagrange polynomial of degree N x ,N y or N z satisfying h i (ζ j ) = δ ij , where ζ = [−1, 1] and δ ij is the Kronecker delta function. Usually, the polynomial chosen is orthogonal in nature (a solution of Sturm Liouville problem) to obtain least square interpolation error from generalized Fourier series construction. In Nek5000, the orthogonal polynomial used is Legendre polynomial and ζ j , j = 1, N x (for x direction and similarly likewise) are the Gauss-Lobato-Legendre (GLL) points of quadrature. The time discretization of NS solver in Nek5000 involves k th order backward difference/extrapolation scheme (BDF/EXT) where k = 2 or 3. The code is fully dealiased using 3/2 rule, 25, 26 the velocity is solved using preconditioned conjugate gradient (CG) method and the pressure solver uses iterative generalized mean residual solver (GMRES) method in Krylov subspace. The current algorithm was optimized to achieve perfect scalability in parallel implementation up to 1,000,000 processors. 27, 28 
II.A. Large Eddy Simulation
The filtered Navier-Stokes equations registering the spatio-temporal evolution of large-scale structures of the flow have been solved in the computational domain both for the neutral atmospheric boundary layer simulations as well as actuator line model in spectral element methods.
As seen in Equation (2), the Subgrid-scale (SGS) stress arises from the non-commutativity of the filtering applied to the non-linear advection term and needs proper closure to solve Navier-Stokes equation. The"tilde" denotes the filtering applied on the velocity and pressure variables (u i , p). Smagorinsky type eddy-viscosity models have been used for SGS stress closure analogous to viscous stresses.
The eddy viscosity ν t can be formulated as
The forcing term f i in ABL represents the mean pressure gradient that drives the flow. The LES of atmospheric boundary layer simulations have been carried out at Re = 10 10 , where Reynolds number is based on the boundary layer thickness (see Section III.A). For, simulations with the acutator line model, a different set of non-dimensionalization is prescribed which requires the Reynolds number to be based on the turbine-rotor radius length, and amount to Re ∼ 10 9 . The forcing termf i in actuator line model represents the thrust, lift and drag forces experienced by the fluid through the actuator lines. Since the computational domain here is of a short span (not a wind farm as in 5, 7), we have chosen to ignore the coriolis forces. 23, 29 The simulation being performed for neutral atmospheric boundary layer also ensures that the heat flux q = 0 at the bottom wall, and the buoyancy forces are neglected. 19, 30 
II.B. Neutral Atmospheric Boundary Layer Simulations
The current simulation deals with generating a feasible ABL flow field that is intercepted by the wind turbine. The simplest case is the neutral ABL simulations, where the turbulence is generated from the shear in the flow over rough wall terrain. Our present model uses x as the streamwise direction, y as the spanwise direction and z as the wall normal direction in a cartesian framework as discussed in section III. The mean streamwise velocity profile of ABL in the surface layer (roughly 10 ∼ 20% of boundary layer) 23, 29, 31 can be given asŪ
where, u τ is the friction velocity scale, z 0 is the aerodynamic roughness length and κ = 0.4 is the Von Karman constant, ψ m is a non dimensional momentum stability function and L M is stability length scale by Monin and Obukhov. 31, 32 For neutral ABL, L M → ∞ and hence the mean velocity profile is essentially logarithmic in nature in the surface layer 32 with ψ m → 0. The boundary layer (BL) thickness for flat plate type of turbulent flows can be usually expressed as δ/x ∼ Re −p x , where p is very close to 1 (p = 0.8 for turbulent flow over smooth flat plate). 33 Consequently, the streamwise growth of the turbulent BL, could be expressed as dδ/dx ∼ Re
Since Re x ≈ 10 8 − 10 12 for ABL flows, the growth of the turbulent BL dδ/dx ≈ 0 rendering periodic boundary condition in the homogeneous streamwise direction feasible. The spanwise boundary conditions are periodic since it is consistent with the physics of the flow. The top boundary condition is a stress free lid similar to the flat plate flow, i.e., dũ x /dz = dũ y /dz =ũ z = 0. For extremely high Re ABL flows, the viscous sublayer δ ν /δ ∼ O(Re −1 τ ) ≈ 0, and the aerodynamic roughness z 0 δ ν . Since the viscous layer cannot be resolved in such simulations, the use of shear-stress boundary conditions as near-wall modelling LES becomes imperative. Consequently, the bottom rough wall model for ABL has been developed from the log-law of the wall coupled with Monin-Obukhov similarity theory 32 and near wall shear stress model of Schumann 22 and was further used by Businger et al., 31 Moeng 30 and Stoll and Porté-Agel . 19 The rough wall model in collocated SEM (Equation (6)) calculates instantaneous (filtered) surface shear stress as a function of explicitly filtered velocity at the lowest grid point. 5, 29, 34 The "tilde" represents implicit grid filtering in LES, while in SEM, the explicit filtering represented by the "hat" is carried out in modal space by attenuating two-highest Legendre polynomial modes. The explicit filtering is done in an effort to minimize the log-layer mismatch (overshoot of slope of logarithmic mean velocity profile observed in high Re flows) . 29, 34, 35 
where, i = x, y with ũ r (x, y, z = ∆z 2 , t) = i=x,y ũ i (x, y, z = ∆z 2 , t) 2 with ũ i,r (x, y, z = ∆z 2 , t) = 1 2 ( ũ i,r (x, y, 0, t) + ũ i,r (x, y, ∆z, t)) and ln(z/z 0 )| z= ∆z 2 as seen are computed at the mid-point (interpolated value) between z = 0 and ∆z, with ∆z being the height of the first node away from the wall. Earlier cited literature on rough-wall models 19, [29] [30] [31] have generally used staggered finite-difference schemes when using stress boundary conditions for rough wall models. Since the present paper incorporates the first study of rough wall models that we are aware of, using collocated spectral elements, certain modifications in the conventional rough-wall models of the cited-researchers have been introduced in Equation (6). z 0 is the aerodynamic roughness length of the bottom wall surface, κ = 0.4 (Von Karman Constant) and subscript s is the surface value.
The aerodynamic roughness length z 0 is a monotonic measure of physical surface roughness h and their empirical relations are discussed in literature. [36] [37] [38] [39] The friction velocity scale is given by u τ = τ w /ρ, where τ w is the wall shear stress, −dp/dx is the streamwise pressure gradient that drives the ABL flow, L z is the wall-normal computational domain size and ρ is the fluid density, which can be further simplified as follows.
A proper choice of the subgrid-scale model with wall damping used in LES simulations with near wall modelling is essential, since the proper dissipation characteristics of the SGS model, generate accurate subgrid scale stresses, and kinetic energy which is necessary for generating the log-law profile and correct second order statistics near the wall. 23, 29, 40 In the current study we use Smagorinsky type eddy-viscosity model with algebraic wall damping (Equation (8)) to take into account stochastic backscatter which has been used from Mason and Thompson (1992) 35 especially designed for suppressing log-layer mismatch of rough-wall high Re flows.
The Smagorinsky eddy viscosity model is simple in terms of its implementation, although we plan to incorporate more sophisticated models like Lagrangian scale-dependant dynamic Smagorinsky model, 23 scale adaptive Smagorinsky model 29 in near future. From the literature, 23, 29 usually n = 2, and C 0 ≈ 0.10 has been used for a smooth blending function retrieving mixing length scales ∼ κz corresponding to the log-law of the wall. In Equation (8), C s is the Smagorinsky coefficient and ∆ is the grid-filter width. In the current spectral element method, we use ∆ = (∆ x ∆ y ∆ z ) 1/3 with ∆ x , ∆ y , ∆ z being calculated as central difference between the GLL nodes and one-sided difference at the boundaries followed by an average across interelement boundaries. 41 Since spectral element methods are much less dissipative and dispersive, an optimal value of C 0 ≈ 0.15 has been chosen to stabilize the statistics without incurring too much diffusion.
II.C. Actuator Line Model: Turbine Response
Actuator line model was first developed by Sørensen & Shen 14 and Troldborg, 15 later used by Churchfield et al. 7, 8 in finite volume computations and was developed for the current spectral element code by Peet et al. 42 The idea of the actuator line model is that the influence of the rotating blades is modelled as a sum of discrete body forces introduced into the flow field. Thus, resolving boundary layer around the blades can be avoided, and simple rectilinear grid can be used. In an actuator line model, the blades are divided into the elements, similar to BEM, and the local lift (L) and drag (D) force experienced by each element is calculated as
where C l (α) and C d (α) are the lift and drag coefficients respectively, α is the local angle of attack, ρ is the fluid density, V rel is the local velocity magnitude relative to the rotating blade, c is the local chord length, and w is the actuator element width. Considering velocity triangles for the rotating blade, 14, 15 as shown in Figure 1 the local relative velocity magnitude V rel can be given as
where, Ω is the rotor rotational speed, V x and V θ are the velocity components in the axial direction x (perpendicular to the plane of rotation), and in circumferential direction (in the plane of rotation corresponding to yz plane) respectively, r is the radial coordinate of the actuator element. Local angle of attack α is computed as α = φ − γ, where φ is the angle between the relative velocity V rel and the rotor plane
and γ is the local pitch angle. The element lift and drag coefficients C l (α), C d (α) as function of α can be determined from the lookup tables. After calculating the local aerodynamic force f = L e L + D e D , its influence, − f , on the flow is incorporated as a sum of discrete forces (here e L and e D are the unit vectors in the direction of the local lift and drag, respectively). The total force from all the blade elements experienced by the fluid is given by
where, δ(| r − r i |) is the Dirac delta function. Equation (13) represents the discrete force model in a continuous form by using delta function. To avoid singularities, the forces are distributed smoothly on several mesh points by using the Gaussian weight function (smeared out delta function),
with the modified force term as
where the summation is over all N blade elements, x i , y i , z i are the local coordinates of each blade element, and | r − r i | is the distance between the current point in the flow and the center of the blade element. Several studies have been carried out for the choice of an optimal Gaussian width . 15, 43 The value of = 2 w proposed by Troldborg 15 is used in the current study.
III. Computational Setup

III.A. Neutral Atmospheric Boundary layer simulations
The computational domain of the neutral ABL simulation is of rectangular geometry and cartesian spectral element collocated mesh has been used for such calculations. We model a similar setup as in Ref. 20, 44 in an effort to make comparison with their results. In the present cartesian framework, x is the streamwise direction, y is the spanwise direction and z is wall normal direction as shown in Figure 2 . The computational domain for the ABL simulations is 4πδ × 2πδ × 2δ, where L x = 4πδ, L y = 2πδ, and L z = H = 2δ is the boundary-layer thickness. The domain is uniformly discretized into 30 × 20 × 24 elements in x, y, and z directions respectively. With 8 3 GLL points per element, the number of grid points for the ABL simulations is 211 × 141 × 169 ≈ 5 × 10 6 . The rough-wall closure and subgrid scale (SGS) eddy-viscosity models used for the large eddy simulations of ABL model are described in Section II.B. Troldborg. 15 The flow velocities at the location where lift and drag forces on the blades are acting are obtained from spectral interpolation technique in Nek5000. 41 The drag forces experienced by the nacelle and turbine tower has been neglected in the current simulations. The subgrid-scale model remains the same as in Section II.B. However, in the AL model, 15, 42 it was observed that approximately 30 points were required in the blade-span (y − z direction) to resolve the wake, demanding a local refinement of the grid of ABL domain near the turbine. 4 Simultaneous refinement in the streamwise direction is also of crucial importance, as far as resolving the wake is concerned. It was observed, that without proper resolution in the streamwise direction, spurious modes develop upstream of the turbine, which propagate almost half the distance up-stream eventually polluting the upstream flow. The discretization of the actuator line domain can be written as 50 × 26 × 24 elements with refined elements in spanwise y direction and stream-wise x direction near the turbine with the number of grid-points amounting to 451 × 235 × 217 ≈ 22 × 10 6 (10 3 GLL points per element). Additionally, nodal interpolation filter of spectral accuracy 45 has been applied on the two highest modes to completely eliminate the spurious modes. The aerodynamic roughness is taken to be z 0 = 10 −4 δ (constant similar to 20, 23 ) for both neutral ABL simulations (Section III.A) and actuator line simulations (Section III.B). The first grid node away from the wall is ∆z > z 0 by a factor of 20 − 30 for both the simulations and is expected to fall into the logarithmic wall layer for such high Reynolds number. In the current approach, the boundary conditions for both ABL simulations and AL simulations remain the same, and the statistically stationary flow of the ABL model has been supplied into the actuator line simulations as an initial condition. 
IV. Results
The results describing the actuator line aerodynamic model of wake structure past wind turbines under the influence of turbulent atmospheric boundary layer are presented in the current section. The ABL simulation has been run up to a time sufficiently long, such that it attains statistically stationary turbulent characteristics. Figure 3a shows the statistically stationary streamwise velocity profile normalised by u τ of neutral ABL simulations, and the logarithmic trends in the profile, obtained through the least squares fit. Figure 3b presents the second order turbulent statistics normalised by wall variable u τ . The wall normal distance has been normalized with boundary layer thickness H = 2δ. All the statistics in Figure 3 Before moving on to the results of actuator line simulations with atmospheric boundary layer flow, we present the validations of the AL model using Tjaereborg turbine in spectral element methods using uniform inflow conditions with the data of Troldborg. 15 Figure 6 shows that the wake, time-averaged axial interference factor a x and the power coefficient C p are a reasonable match with the thesis of Troldborg. 15 It is intriguing to note, that the wake profiles in Figure 10a shows the best match with the Troldborg data when the number of GLL points in each of x, y and z direction per element is 6.
For the actuator-line simulations in neutral ABL, the iso-surface plots of vorticity are taken at two different snapshots of nondimensional time, tR/U hub 10 and 20 (R is the rotor radius and U hub is the mean-streamwise velocity at hub-height) as shown in Figure 7 . At the initial snapshot (Figure 7a ), the helical ribbed structures of vorticity downstream of the turbine are visible, while at higher time (Figure 7b ), the wakes become vigorously turbulent, with large hairpin structures visible oriented in different direction near the wake. Figure 8 shows different snap-shots at three orthogonal planes depicting the development of the wake. The contour plots clearly reveal the low-velocity wake region (in blue) from Figure 8a from the turbine and the axial blade-loads can be further obtained from power and thrust coefficients C p , C T as depicted in Figure 9 . The temporal variation of power coefficient is C p ∼ 30% (less than inviscid Betz limit of 59%) and thrust coefficient is C T ∼ 70% in the statistically stationary region (Figure 9a ) with low frequency contributions coming from the periodically rotating turbine loads and high frequency fluctuating components coming from turbulence (Figure 9b ).
Further plots of the time-averaged streamwise wake velocity profiles at different stream-wise stations x/d = 2, 3, 5, 7, 10 can be found in Figure 10 for a qualitative comparison with Wu and Porté-Agel. 20 Qualitative comparisons of stream-wise velocity profile of current simulations can only be done with the data of Wu-and Porté-Agel in the present paper, since we perform the simulations with streamwise boundary conditions for preliminary analysis, while Wu and Porté-Agel 20 have used streamwise periodic boundary conditions with a buffer-region for emulating stabilised inflow conditions. Moreover, our streamwise domain is slightly less than that of Wu and Porté-Agel from a non-dimensional perspective, to fit into our computational resources and our present Reynolds number is almost 4 orders of magnitude larger than the Reynolds number of Wu and Porté-Agel. 20 We plan to present a thorough comparison with the data of Wu and Porté-Agel 20 in the near future. The present wakes are plotted on the top of ABL velocity profile for understanding their intensity and analysing their deviation from the logarithmic trend. Conspicuous wakes could be observed near the hub of the turbine-rotor region depicting high momentum losses with their intensity decaying as we move away from the turbine location in the streamwise direction. Slight discrepancy in the shape of the wake at streamwise station x/d = 2 in comparison to the data of Wu and Porté-Agel 20 can be noticed, which can be ascribed to the fact that we did not consider drag in the nacelle region. Small bulges deviating from the logarithmic velocity profile can also be observed beyond the turbine, which can be attributed to constant stream-wise mass flux along with stream-wise periodic boundary conditions. Time-averaged snapshots of velocity magnitude contours can be observed in Figure 11 showing the mean structures of the wake cores. x − y plane snapshot (Figure 11c) indicates the symmetric nature of the developing wake due to spanwise (y) periodic boundary condition. The y − z plane snapshot (Figure 11b ) also indicates low-velocity circular wake region behind the turbine, spanning the entire turbine radius. 
V. Conclusions and Future Work
In the present paper we have implemented actuator line model coupled with atmospheric boundary layer simulations in exponentially accurate spectral element code Nek5000. The actuator line model has been validated with uniform inflow conditions using Tjaereborg turbine with the thesis of Troldborg 15 which indicates a reasonable match. The atmospheric boundary layer simulations have been further validated by using the data of Porté-Agel et al. 23 indicating the robustness of our ABL model. The simulations involving ABL-AL model with streamwise periodic boundary conditions can be seen as a prefatory analysis of wind turbine AL model response subjected to turbulent atmospheric bundary layer flow, and a qualitative assessment of the results using comparison of the data from Wu and Porté-Agel. 20 Qualitative comparison of wake-snapshots with the data of Churchfield et al. 7 also reveal the meandering nature of the wakes when seen from streamwise-spanwise plane. It is also important to note that the periodic streamwise boundary conditions in the AL model manifest essentially an array of turbine placed in the streamwise direction with a period of 4π. The future work involves using atmospheric boundary layer simulations to be supplied as inflow conditions in actuator line models to generate more feasible results which is currently under way, and using realistic boundary conditions in large wind-farm simulations.
VI. Acknowledgements
The authors would like to acknowledge the support of NSF-CBET 13358568 grant for the present work.
